By Maxwell equal area law we study the phase transition in higher dimensional Anti-de Sitter (AdS) Reissner-Nordström (RN) black hole and Kerr black hole in this paper. The coexisting region of the two phases involved in the phase transition is found and the coexisting curves are shown in P − T figures. We also analytically investigate the parameters which affect the coexisting curves. To better compare with ordinary thermodynamic systems, the Clapeyon equation is derived for higher dimensional AdS black holes. This paper can help to deepen the understanding of the phase transition and phase structure of AdS black holes.
I. INTRODUCTION
Black hole is an ideal arena for studying many interesting behaviors in classical gravity theory. It also can be regarded as a macroscopic quantum system in that its peculiar thermodynamic property and thermodynamic quantities, as entropy, temperature, and its gravity holographic nature are quantum mechanical intrinsically. Hence the research of black hole thermodynamics is an important channel for studying quantum gravity [1] [2] [3] [4] [5] . Although thermodynamics of black hole has been researched for many years, the exact statistical interpretation for thermodynamics state of black hole is not clear. So the thermodynamics of black hole remains an important subject.
It has been found that black holes possess not only standard thermodynamic quantities but abundant phase structures and critical phenomena, such as Hawking-Page phase transition [6] , similar to that in ordinary thermodynamic system. Even more interesting is the studies on the Reissner-Nordström AdS black holes, which show they may have an analogous phase transition with that of van der Waals-Maxwell liquid-gas [7, 8] . Recently the critical behavior and the (P ∼ V ) critical state of the charged and the rotating black holes have been investigated by considering the cosmological constant as thermodynamic pressure [9] [10] [11] [12] [13] ,
One complete liquid-gas analogue system for black holes has been constructed, and the phase transition and critical phenomena of black holes have been extensive studied.
In ref. [14] [15] [16] [17] [18] [19] [20] , the phase transition and critical behavior of black holes in AdS spacetime were displayed by (P ∼ V )diagrams and (Q ∼ Φ) diagrams, and they are similar to the P ∼ V relation of van der Waals liquid-gas system. On the basis of thermodynamic volume of dS spacetime given in ref. [10, 21] and considering the connection between black hole horizon and cosmological horizon, in ref. [22] [23] [24] , we derived the effective temperature and effective pressure in some dS spacetimes. The relation among the thermodynamic quantities was studied, which shows there may be critical phenomena in dS spacetime like that in van der Waals liquid-gas system. Using Ehrenfest scheme, the second order phase transition was proved to exist in AdS spacetime black hole at the critical states [25] [26] [27] [28] [29] [30] [31] . Alike conclusion has been reached by investigating thermodynamics and state space geometry of black holes in ref. [32] [33] [34] [35] [36] .
Although some encouraging results have been achieved about the thermodynamics of black holes in AdS and dS spacetimes, the underlying statistic mechanics for the thermodynamic black hole system are still not distinct. It is significant to study the critical behaviors and the process of noncritical phase transition in detail and to explore the thermodynamic properties.
Recently the analysis on the P ∼ v diagrams of black holes in AdS spacetimes shows the negative pressure appears as the temperature is below a certain value and thermodynamic unstable region exists with ∂P/∂v > 0 [9] [10] [11] [12] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] . The situation occurs in var der WaalsMaxwell liquid-gas system, where it is solved by the remarkable Maxwell's equal area law [56] [57] [58] [59] .
In this paper Maxwell's equal area law is extended to analyze the phase transition in RN-AdS black hole and in Kerr-AdS black hole. It can help to resolve the puzzles about the negative pressure and the unstable region. By Maxwell's equal area law we discover the possible coexistence curves in the process of phase transition, and the boundary curves of coexistence region in P − v plots. We expect to provide particular information about phase transition and properties of black hole thermodynamic system in AdS spacetime to contribute to search for more stable black hole and to explore properties of quantum gravity.
The paper is arranged as follow: the thermodynamics quantities of d-dimensional RN AdS black hole and d-dimensional Kerr AdS black hole are introduced firstly in section 2 and in section 3 respectively. Then the phase transition of the black holes are studied by
Maxwell equal area law, and the effect of the dimension and thermodynamics quantities, as electric charge in section 2 and angular momentum in section 3, on the phase transition is analyzed . In section 4, we make some discussion and conclusion. (we use the units
II. THE CHARGED BLACK HOLE
A. Thermodynamics
Reissner-Nordstrom black holes are characterized by the spherically symmetry and electrical nature. The solution for d-dimensional RN-AdS spacetime with a negative cosmological
2 , is defined by the line element [17, 25] 
where
The ADM mass and the electric charge have been defined as (
in which the volume of the unit d-sphere ω d can be expressed as
The corresponding Hawking temperature, entropy, and electric potential of the system are defined as
In our consideration we interpret the cosmological constant Λ as a thermodynamic pressure
The corresponding conjugate quantity, the thermodynamic volume, is given by [11] 
with r + being the position of black hole horizon determined from f (r + ) = 0. Combining Eqs. (2.5) and (2.6), we can obtain
Comparing (2.8) with the Van der Waals equation, we conclude that the specific volume v should be identified with the horizon radius of the black hole as [10] 
In geometric units we have 10) and the equation of state reads
(2.11)
In Fig.1 , the isotherms are plotted in P − v diagrams for different d and q. The isotherms can be divided into three groups corresponding to the three values of q in each diagram, the lower ones (red curves) correspond to the smallest q, the middle ones (blue curves) meet with the medium q, and the upper ones (green curves) are with the biggest q, The five curves in every group represent five different temperatures, the lower curve the lower temperature. by Take T c as critical temperature of d-dimensional RN-AdS black hole, and suppose at temperature T 0 (T 0 ≤ T c ) the boundary states for two-phase coexistence are (v 1 , P 0 ) and (v 2 , P 0 ). According to Maxwell equal area law,
we can get 
When x → 1, from (2.17) we get the critical specific volume
According to (2.16), 20) and the critical temperature and critical pressure are obtained as x → 1,
21)
These critical thermodynamic quantities are consistent with those in Ref. [11] .
Combining (2.17), (2.20) and (2.21), as T 0 = χT c with χ ≤ 1, we can get 
For a fixed χ, i.e. a fixed T 0 , we can evaluate x with (2.23), and then according to (2.17) and (2.16), the v 2 , v 1 and P 0 are specified. Join the points (v 1 , P 0 ) and (v 2 , P 0 ) on the isotherm Table 1 .
From Table 1 , it can be seen that x is unrelated to q, but incremental with χ at certain d and with d at certain χ. v 2 decreases with increasing χ, increases with q, and decreases with d, respectively when the other parameters are fixed. P 0 increases with χ and d, and decreases with q for others determined parameters respectively.
C. P − T curves of two phase coexistence
From isothermal P − v curves in Fig.1 , we know that when temperature T <T , negative pressure section on the isotherm emerges and becomes larger with lower temperature. From   Fig.2 , we can see that the lower temperature, the smaller the value of P 0 , which also can be seen in Table 1 . The doubt is whether P 0 is negative when temperature is low enough.
Considering (2.17), (2.16) can be rewritten as
From (2.23), (2.24) and T 0 = χT c , one can get the relation between P 0 and T 0 , which is shown in Fig.3 . 25) in which 
From (2.15)-(2.17), one can get
P 0 = y 3 (x), T 0 = y 4 (x),(2.y 3 (x) = d − 3 π 1 (d − 2) x − 1 − x 2d−5 4k 2d−5 x 2d−5 (1 − x) y 2 (x) y 1 (x) y 2 (x) y 1 (x) q 2 1 d−3 ,y 4 (x) = (d − 3) π 1 + x (d − 2) x − 1 − x 2d−4 4k 2d−5 x 2d−5 (1 − x) y 2 (x, ) y 1 (x) y 2 (x, ) y 1 (x)q 2 1 2d−6 . (2.26) From (2.25) dP 0 dT 0 = y ′ 3 (x) y ′ 4 (x)
III. ROTATING BLACK HOLES
The AdS rotating black hole solution is given by the Kerr-AdS metric [21] ,
and dΩ 2 d denotes the metric element on a d-dimensional sphere. The associated thermodynamic quantities are 
for r + in terms of M and l. While expressing a = εl, we expanded [21] 
to some given order k and solve Eq. (3.4) order by order. The first term yields the relation
Using Eqs.(2.6) (3.3), the equation of P = P (v, T, J) can be obtained
where .12), and the correspondingṽ is obtained by the way. 
B. Maxwell equal area law
We use Maxwell equal area law to simulate possible phase transition process of ddimensional Kerr-AdS black hole as a thermodynamic system. We also take v 2 and v 1 as the specific volumes of the two phases before and after phase transition, and P 0 as the constant pressure throughout the simulated process of phase transition at constant T 0 (T 0 ≤ T c ), which can be derived by Maxwell equal area law.
which can be rewritten as
Combining with 12) and setting
, one can get
As x → 1, critical thermodynamics quantities can be got from (3.13),
The results are same as that in Ref. [21] . For T 0 = χT c and χ ≤ 1, we can derive from (3.13) and (3.15),
So we can solve x at certain χ(T 0 ), then from (3.13) we can obtain the v 2 , P 0 and v 1 = xv 2 .
Take J = 1,d = 4; 8; 10 respectively. In Fig.6 , we plot the isotherms (blue curves) for different χ in P − v diagrams and the isobars (red solid lines) which represent the simulated phase transition processes derived from Maxwell equal area law. From Fig.6 we can see that the simulated phase transition processes by Maxwell equal area law like that in RN-AdS black hole. The processes become shorter with increased temperatures until it turns into a point at a certain temperature, which is the critical temperature, and the point is the critical point of the black hole thermodynamic system. Every connected solid curve represents the processes including state change and phase transition, where no negative pressure and thermodynamic unstable state appear. The boundary of the two-phase equilibrium coexistence region is delineated by the dot-dashed line.
In Table 2 , we calculate x, v 2 , P 0 as χ = 0.1, 0.3, 0.5, 0.7, 0.9, J = 0.2, 0.5, 1, and d = 4, 8, 10 respectively to find the influence of these parameters on the simulated phase transition. From Table 2 , one can see that x is unrelated to J, but incremental with χ at certain d
and with d at certain χ, v 2 decreases with increasing χ, d, and increases with J respectively when the other parameters are fixed, P 0 increases with χ, d and decreases with increasing J while the other parameters are determined respectively.
C. the relation of phase transition pressure to temperature From (3.12) and T = χT 0 , we get
Combining (3.16), (3.17) and T = χT 0 , we plot the P 0 J 2/(d−2) − χ diagram and P − T diagrams in Fig.7 and Fig.8 .
From (3.13), we get in which 19) which is the Clapeyron equation of Kerr-AdS black hole.
We can see from 
IV. DISCUSSIONS
In this paper we take AdS black holes as thermodynamic systems and find the state equation in some region has no physical meaning because of negative pressure and thermodynamic unstable states with ∂P /∂v > 0. Comparing with phase transition in a usual liquid-gas system and using Maxwell equal area law, we simulate the phase transition process Due to lack of knowledge of chemical potential, the P − T curves of two phase equilibrium coexistence for usual thermodynamic system are obtained by experiment. However the slope of the curves can be calculated from the Clapeyron equation, In ordinary thermodynamic system, the phase transition means the change of organization structure of substance (including the changes of position and the orientation of atom, ion, and electron) and different phase appear. Phase transition is a physical process, and it does not involve the chemical reaction, so the chemical compositions do not change in the process.
Appropriate theoretical interpretation to the phase structure of AdS black hole thermodynamic system can help to know more about black hole thermodynamic properties, such as entropy, temperature and heat capacity, and it is significant for improving self-consistent black hole thermodynamic theory. This paper displays the P − T diagram for two phase coexistence state and Clapeyron equations corresponding to the ordinary thermodynamic system, which provide theoretical basis for investigation of phase transition and phase structure and help to explore the theory of gravity.
